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ABSTRACT:

Suppose that M is a semiprime I'-ring. o, t are automorphisms of M. An additive mapping M is
termed as a reverse (o, 7)-derivation if it satisfies d(uav) = d(v)ao(u) + t(v)a d(u), for all
u,v € M and ae I'. Moreover, an additive mapping D : M - M is termed a generalized reverse
(0,7)- derivation if there exists a reverse (o, t)-derivation d : M - M such that D(uav) =
D(w)aoc(u) + t(v)ad(u), for all u,v € M and ae I'. This paper aims to extend the findings
regarding orthogonal (o,t) derivations and orthogonal generalized (o,t)-derivations in semiprime I'-
rings to include the study of orthogonal reverse (o,t)-derivations and orthogonal generalized
reverse (o,7)-derivations.

KEYWORDS: Semiprime [I-ring, Reverse (o,7)-Derivation, Generalized Reverse (o,71)-
Derivation, Orthogonal Reverse (o, 1)-Derivation, Orthogonal Generalized Reverse (o,71)-
Derivation.

1.INTRODUCTION:

Nobusawa [15] initially introduced the concept of a I'-ring, where I' denotes an additive abelian
group. Barnes extended the results of Nobusawa on I'-ring in his work [16]. M.Bresar and
J.Vukman [11] have introduced the concept of orthogonal derivations and extended a theorem of
Posner [6]. M.Soyturk [13] extended these results to I'—rings. N.Argac et al. [14] introduced the
notion of orthogonality for a pair of generalized derivations in semiprime rings and provided several
necessary and sufficient conditions for the orthogonality of such pairs. Samman and Alyamani [12]
studied the orthogonal conditions for reverse derivations in semi prime rings. Ashraf and Jamal [9]
introduced the concept of orthogonality for two derivations in T'-rings and established various
necessary and sufficient conditions for the orthogonality of two derivations. Later they introduced
orthogonal generalized derivation in I'-rings in [10] and obtained results pertaining to orthogonal
generalized derivations. K.K. Dey et al. [8] explored the conditions for the orthogonality of reverse
derivations in semiprime I'-rings. A.Shakir and M.S.Khan studied orthogonal (o, t)-derivations in
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semiprime I'-rings. H.Yazarli and G.Oznur [7] studied orthogonal generalized (o, T)-derivations of
semiprime I'-rings. C. Jaya Subba Reddy and B. Ramoorthy Reddy [2,3,4,5] studied orthogonal
symmetric biderivations and orthogonal generalized bi-(o, 7) derivations in semiprime rings. In
this paper, we expand the results of orthogonality of (o, t)derivations and generalized (o, 1)
derivations to reverse (o, 7) derivations and generalized reverse (o, t) derivations in semiprime I’
—rings.

2.PRELIMINARIES:

Let M, I" be additive abelian groups .

Suppose amappingM X I' x M — M : (u,a,v) = uav fulfils the conditions

1. (uav)pw = ua(vpw)

2.u(a + f)v = uav + upfv,

3.(u+v)aw = uaw + vaw,

4.ua(v+w) = uav + uaw, foreach ,v,w € M, a, f € I', then M is called a I ring.

M is referred to be semiprime if ueMau = 0 suggests u = 0, forany u € M. M is be 2-torsion free
if 2u = 0 suggests u = 0 for any u € M. An additive mapping d: M - M is said to be a reverse
(o, 1)- derivation of M if d(uav) =d(w)aoc(u) + t(v)ad(w), forall u,v € M, € I'. An additive
mapping D: M — M is defined as a generalized reverse (o, t)- derivation if there exists a reverse
(o,1)- derivation d: M — M such that D(uav) = D(v)ac(u) + t(v)ad(u), for all u,v € M,a €
r. If d,,d, are two reverse (o,7)- derivations of M such that d,(w)I'MI'd,(v) =
d,(v)IrMrd,(u) =0, for all u,v € M then d,,d, are said to be orthogonal. If D,, D, are two
generalized reverse (o, 7)- derivations of M such that D, (u)'MI'D,(v) = D,(v)IMI'D;(u) =0,
for all u,v € M, then D,, D, are said to be orthogonal.

Throughout the paper, M is assumed to be a semiprime I'-ring which is 2-torsion free and o, T are
automorphisms of M. Also we assume that d,7 = td, ; d,7 = td, ;d,0 = od, ; d,o0 = od,. We
denote a generalized reverse (o, t) derivations D, D, associated with the reverse (o, T)derivations
dy,d, suchthat D;t = D, ; D, = ©D, ;D0 = oD, ; D,o =0aD, .

LEMMA 1 [[13], Lemma 3.4.1]: Suppose M is a semiprime I'- ring with the condition 2a=0 for
alla € M impliesa = 0and a,b € M. Then the conditions listed below are mutually equivalent.
(i) al'ul'b =0, forallu e M

(i) br'ul'a = 0, forallu e M

(iii) aaupb + baufa = 0,forallu e M and a,fB €.

If any of these conditions is attained, then al'b = 0 = bl'a.
LEMMA 2 [[13], Lemma 3.4.2]: Let M be a semiprime I'"- ring and d, and d, be two additive

mappings of M into itself satisfying d, (u)'MI'd,(u) = 0 for all w € M. Then d;(w)I'MI'd,(v) =
0, forall u,v € M.
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LEMMA 3: Suppose M is a semiprime I"-ring which is 2-torsion free and d, and d, are reverse
(o, T)- derivations of M. Then the following statements are biconditional.

1. d, and d, are orthogonal .

2.dy(w)rd,(w) +d,(w)yrd,(v)=0, forall u,v e M.

Proof: we have to prove d; and d, are orthogonal & d,(w)l'd,(v) + d,(w)l'd,(v) =0
Suppose that d; and d, are orthogonal, then

d,(w)rmrd,(v) =0=d,(w)rmrd,(v), forall u,v e M

By Lemma 1, we can have d,(u)I'd,(v) = d,(u)r'd,(v) = 0 and so
d(wrd,(v)+d,(uwrd,(v) =0

Conversely, suppose that d, (W) d,(v) + d,(w)I d,(v) =0, forall u,v e M

We can take d;(w)Bd,(v) + d,(w)y d;(v) =0, forall u,v €M and B,y €T

(2.1)

Replacing v by uav in (2.1), we attain

d;(W)Bd;(uav) + d,(Wy d,(uav) =0

(d1(WB d,(v) + da(Wy di(v))ao(w) + dy(W)B T(W)ad, () + dy(Wy T(v)ad,(u) =0
Using (2.1), we attain

di(WB t(v)ady(u) + dy(w)y t(v)ad, (u) =0

(2.2)

By substituting y = y + y' in equation (2.1), we arrive at

d,(w)ytd,(v)ac(u) =0, forallu,v € M and a,y! €T

Hence, we can write d,(uw)yld,(v)ac(w)ad,w)ytd,(v)ac(u) =0

Given that ¢ is an automorphism of M and employing the semiprimeness of M , we obtain
d,(wrd,(v) =0, forall uemM

Again replacing g by S + B'inequation (2.1), we arrive at

d,(w) Bld,(v)ac(u) =0, forall u,v € M, a, ' € I' and hence we obtain

dy (W) B tdy(V)aoc(Wad, (W) B 1d,(v)ao(u) = 0

Given that o as an automorphism of M and using the semiprimeness of M, we attain
di(w)rd,(v) =0,forall u e M

Thus, we get d,(w)l'd,(v) =0 =d,(wW)ld,(v)

Hence, we can conclude that d, and d, are orthogonal.

LEMMA 4 : Suppose M is a semiprime I'-ring free of 2-torsion and (D; d;) and (D, d,) are two
orthogonal generalized reverse (o, T)- derivations of M, then the following relations are satisfied.
(i) D;(w)I'D,(v) = D,(w)I'D;(v) = 0, hence D;(w)I'D,(v) + D,(w)I'D;(v) =0, forallu,v e M
(ii) d; and D, are orthogonal and d(u)I'D,(v) = D, (v)I'd;(u) = 0, forall u,v € M

(iii) d, and D, are orthogonal and d,(u)I'D;(v) = Dy (v)I'd,(u) = 0, forall u,v € M

(iv) d, and d, are orthogonal

(v)d,D, = D,d, =0;d,D, = D;d, =0; D;D, = D,D; =0

Proof: (i) : Since (D; d;) and (D, d;,) are orthogonal
By the definition of orthogonality of D, ,D,, we can have
D,(u)rMrbo,(v) = 0= D,(v)TMI'D,(u), forallu,v € M
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By Lemma 1, we get D, (u)I'D,(v) = 0 = D,(v)I'D;(u) and so

D,(w)ro,(v) + D,(v)rD;(u) =0, forall u,v € M

(if) : Since (D1 d;) and (D, d,) are orthogonal,

We can have D, (u)TMI'D,(v) =0 andso D,(u)I'D,(v) =0

Consider, D, (uw)aD,(v) =0, forallu,v e Manda e I' (2.3)
Replacing u by ufr in (2.3), for all u,r € M, el

D;(upr)a D,(v) =0

Dy(m)Bo(u) a D,(v) + t(r)Bdy(uw) a D,(v) =0

Using the equation (2.3), we obtain

t(r)Bd,(u) a D,(v) = 0 and hence we can write (2.4)
di(wWaD,(w)Br(r)fdi(waD,(v) =0

Since t is an automorphism of a semiprime I'- ring M, we get

di(w) a D,(v) =0, forallu,v € M, ael’ (2.5)
Hence, d; and D, are orthogonal.

Replacing u by rBu, for u,r € M and Be I in (2.5), we obtain

d,(rBu)a D,(v) =0, foru,v,r e M, a,Bel’

di(w)pa(r)aD,(v) + t(w)pdi(r) a D,(v) =0

Using the equation (2.5) in the above equation, we get

d,(w)Ba(r)aD,(v) =0, foru,v,r e M, a,Berl

Since o is an automorphism, we get d,(u)BraD,(v) =0

d,(u)rmro,(v) =0, forall u,veM

By Lemma 1, we obtain d,(u)I'D,(v) = 0 = D,(v)I'd,(u), for all u,v e M

(iif): By employing the similar procedure we adopted in the previous discussion, we can get
d, and D, are orthogonal and d,(uw)I'D;(v) =0 = D;(v)I'd,(u), for all u,v e M
(iv): We have D, and D, are orthogonal .

Hence, we can write D; (w)I'D,(v) = 0, forall u,v € M (2.6)
Replacing u by wBu and v by xyv, for u,v,w,x € M, a, B,y € I in the equation (2.6), we get
D,(wBuw)aD,(xyv) =0, forall u,v,w,xe M and a,B,yerl

D;(w)Bo(w) aD,(v)yo(x) + t(w)pdy(w) a D, (v)yo(x) + Dy(w)Bo(w) at(v)yd,(x) +
t(w)Bdi(wW)a t(v)yd,(x) =0

Using conditions (i), (ii), (iii) of Lemma 4, we get

t(w)Bd,(w)a t(v)yd,(x) =0, forall w,v,w,x e Mand a,B,yerl

and hence d;(w)a t(v)yd,(x)B t(w)Bd,(w)a t(v)yd,(x) =0

Using the Semiprimeness of M and fact that t is an automorphism,

we obtain d; (w)at(v)yd,(x) = 0. This means d,(w)I'MI'd,(x) =0

Hence, the proof is complete.

(v): We have (D, d;) and (D, d,) are orthogonal.

By (ii), we can write that d, and D, are orthogonal.

Hence, d, (w)awpBD,(v) = 0 = D,(v)awpfd,(u), forallu,v,w e Mand a,B el
Therefore, D, (D,(v)awpfd,(u)) =0, forallu,vy,w e Mand a B el
D,(wBd,(w))ao(D,(v)) + t(wBd,(w))ad,(D,(v)) =0, forallu,v,w e Mand a,B el
D, (d1(u))ﬁU(W)aU(D2 (v) + T(d1(u))ﬁd2(w)aU(D2 (v) + t(wpd;(w))ad,(D,(v)) =0
Since o, T are automorphisms and using d,t = td, ; D,0 = 0D, we get
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D, (d1(u))ﬁwaD2 ) + di(wW)pd,(w)aD,(v) + whd; (w)ad,(D,(v)) =0

Since d, , d, are orthogonal, we obtain D, (d, (w))SwaD,(v) = 0 (2.7)
Replacing v by d; (u) in (2.7), we obtain

D, (d1(u)),3W“D2 (d1(u)) =0

D,d;(w)BwaD,d;(u) = 0

D,(dy(w))rMID,(dy(w)) =0

By the semiprimeness of I"-ring M, we can conclude that D,d; =0

By following the similar procedure as we adopted in the earlier discussion, the results
d,D,=0; d,D; =D;d, =0; D;D, = D,D; =0 are evident.

Thus, we have d,D, =0 = D,d, ; D;d, =0=d,D,; DD, = D,D; =0

This completes the proof.

3.RESULTS:
THEOREM 1: Suppose M is a semiprime I"-ring which is 2-torsion free and d, and d, are
reverse (o, )-derivations on M. Then the subsequent circumstances are equivalent:

1. d, and d, are orthogonal 2.d1d, =0
3.d,d,=0 4.d,d, + d,d,=0
5. d,d, is a derivation. 6. d,d, is a derivation

Proof: Giventhat d; and d, are reverse (o, 7)-derivations on M .

1) =@

d, and d, are orthogonal & d;d, =0

Suppose that d, and d, are orthogonal. Then we have

d,(Wavpd,(w) = 0 = dy(W)avpd,(u), forallu,v,w e Mand a,B el

(3.1)

Hence, we can write d;(d,(W)avBd;(u))=0

df (u) Bo(dr(W)av) +7(dy(w))B di (V)aa(dz(W) + 7(dy(W)B T (v)ad; (da(W)) =0
Since o, T are automorphisms and using the equation (3.1), we get

di(w)Bvad, (d,(w)) =0

(3.2)

Replacing u by d,(w) in equation (3.2), we get d,(d,(w)B vad,(d,(w)) =0
d,d,(w)p vad,;d,(w) =0, forall vvweMand aferl

By the semiprimeness of M, we can conclude that d,d, = 0

Conversely,

Suppose that d,d, = 0

Then d,d,(vau) = dl(dz (vau))

Since g, T are automorphisms of M, we get

d,d,(vau)=d,(v)ad,(u) + vad,d,(w)+d,d,(v)a u + d,(v)ad,(u)

Using the hypothesis that d,d, = 0, we get d,d,(vau) = d,(v)ad,(u) + d,(v)ad,(u)
d,(v)ad,(u) + d,(v)ad,(u) = 0 and hence d,,d, are orthogonal.

(1) =)

By a similar argument, we can prove that d; and d, are orthogonal & d, d,=0



25 JNAO Vol. 15, Issue. 4, No.1: 2024

(1) = (@)
d, and d, are orthogonal & d;d, + d,d,=0

Suppose that d, and d, are orthogonal

By conditions (2),(3) of Theorem 1, we have already proved that d;d, = 0 and d,d,=0 and
hence d,d, + d,d,=0

Conversely,

Suppose that d,d, + d,d,= 0, then we have to prove that d, and d, are orthogonal.

(didy + dodq)(uav) =0

di(o(w)aa(d; (v)) + t(0(w))ad,d; (v) + didy(Wao (t(v)) + t(d(wad, (z(v)) +
dz(U(U))aU(d1(V)) + t(o(w)a dpd;(v) + dzdl(u)aa(r(v)) +1(d;(w)ad, (t(v)) =0
di(c(w)aa(d; (v) + t(c(w))a(d,d; + drd) (v)+(d1d; + dydy) (Wao (T(v)) +
T(d;(Wad; (t(v)) + d; (O'(u))aa(dl(v)) + 7(dy(w))ad,(t(v)) =0

Since dyd, + d,d; = 0, we get

dy (e(W)aa(d, (v)) + 1(dy (W) ad; (1(v)) + dy (0 (w))ao (dy(v))+ 1(dy (w))ad, (z(v)) = 0
Since g, t are automorphisms of semiprime rings of M and using d,o=0d; ; d,0=0d, ; d;T = 1d;
; d,T=1d, , We obtain

di(wad, (v) + dy(Wad, (v) + d,(Wad; (v) + dy(Wad,(v) =0

2(d;(wad, (v) + dy(Wad,(v)) =0

di(wad, (v) + d,(wad,(v) =0

Given that M is 2 torsion free , it follows that d,, d, are orthogonal. ( By Lemma 3)

(1) = ()

d,, d, are orthogonal < d;d, is a derivation.

Suppose that d4,d, are two orthogonal reverse (o, t) derivations

Then, d;(wWavpd, (v) = 0 = d,(v)avBd,(u)

d,d, (uav) = dl(dz(uav)) = d,(d,(v)ac(u) + T(v)ad,(w))

= dqi(d;(V)ac(u)+ dy (t(v)ad,(w))

=d, (0(w))ao(d,(v)) + 1(c(w))ady (d, (W) + dy (dy (W) ao (t(v) + T(d, (W))ad, (r(v))
Since o, T are automorphisms of semiprime I'-ring M and using d,o = d,0 ; d,o0 = ad, ;
d,7= td, ;d,T=1d, ; we obtain

d,d, (uav)=d,(w)a d,(v) + uad,d,(v) + d,d,(w)av + d,(w)ad, (v) (3.3)
=d;(wWad,(v) +d,(wad,(v) + d,d,(wav + uad,d,(v)

=d,d,(uw)av + uad,d,(v) (By orthogonality definition of d; d, ).

Therefore, d,d,(uav) = d,d,(u)av + uad,d,(v). Hence, d,d, isa derivation.
Conversely, suppose that d,d, is a derivation

Then d,d, (uav) = d;d,(w)av + uad,d,(v) (3.4)

Since d4,d, are two reverse (o, T)-derivations, we can have

did; (uav) = dy(d;(uav))

=d,(Wa d,(v) + uad,d,(v)) + d;d,(w)av + d,(w)ad,(v)

Comparing the above equation with (3.3), we obtain

d,d,(wW)av + uad,d,(v) = d;(w)a d,(v) + uad,d,(v) +d,d,(w)av + d,(w)ad, (v)
Hence, we get d; (Wa d,(v) + d,(w)ad,(v) =0

Hence, d, d, are orthogonal.
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(1) = (6)
d,, d, are orthogonal < d,d, is a derivation.
Using the same procedure we adopted in the above proof, we can easily prove the result.

THEOREM 2:
Consider M as a semiprime I'-ring which is 2 torsion free. There are two generalized reverse (c,1)
derivations (D;,d;) and (D,, d,) of M that are orthogonal if and only if the following
requirements are met.
(i) a) D;(w)IrD,(v) + D,(w)rbD;(v) =0, forallu,v e M
b) d,(wW)IrD,(v) + d,(w)rb,(v) =0, forallu,v e M
(i) D,(w)ID,(v) = d;(w)rv,(v) =0, forallu,v e M
(iii) D;(w)ro,(v) =0, forallu,v e M and d,D, = d,d,

Proof: (i): (D4,dy) and (D,,d,) are orthogonal < (i)

Suppose that (D4,d,) and (D,,d,) of M are orthogonal

By Using the conditions (i), (ii) and (iii) of Lemma 4, it is already proved that the two conditions
a) D;(w)ID,(v) + D,(w)ro,(v) =0, forallu,v e M

b) d,(w)I'D,(v) + d,(u)I'D;(v) =0, forall u,v € M are satisfied.

Conversely

Suppose that the conditions

a) D;(w)I'b,(v) + D,(w)rv;(v) = 0, forallu,v e M

(3.5)

b) d,(w)I'D,(v) + d,(w)I'D,(v) = 0, forall u,v € M holds

(3.6)

Replacing u by wau in (3.5), we get

D,(wau)BD,(v) + D,(wau)BD,(v) =0, forallu,v,w e Mand a,f el
D;(wao(w)pD,(v) + t(wa(d;(wW)BD,(v) + d,(W)BD1(v)) + D (was(w)BD,(v) =0
Using the equation (3.6), we get

D;(w)ao(w)BD,(v) + Dy(wac(w)BDy(v) =0

Since o is an automorphism, we obtain

D,(w)rMro,(v) + D,(u)rMro,(v) =0, forallu,ve M

By Lemma 1, we can write D, (w)I'D,(v) = 0 = D,(v)I'D, (u)

Hence, we can conclude that D, and D, are orthogonal.

(ii) :

(D;,dy) and (D5, d,) are orthogonal<D, (u)I'D,(v) = d;(w)I'D,(v) = 0,for all u,v € M.
Suppose that (D,,d,) and (D,,d,) are orthogonal. Hence by the conditions (i) and (ii) of Lemma
4, we can have

D,(w)ro,(v) =0 and d,(w)ro,(v) = 0, forall u,ve M.

(3.7)

Conversely,

Suppose that D; (u)I'D,(v) = 0and d,(u)I'D,(v) =0, forall u,v € M.

Consider D, (u)I'D,(v) =0, forall u,v e M

(3.8)
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If we change u to wau in (3.8), we obtain

D,(wau)I'D,(v) = 0, forallu,v,w € M and ae Tl

D;(wWao(w)BD,(v) + t(w)ad,(w)BD,(v) =0, forallu,v,w € M and a,Be Tl
Since o is an automorphism and employing equation (3.7),we get
D;(w)awBD,(v) =0, forallu,v,w € M and «a,Bel

Therefore, D;, D, are orthogonal ( By the definition of the orthogonality )

(iii):

(D;1,dy) , (D, dy)are orthogonal < D, (u)I'D,(v) =0 forallu,v € M, d,D, = d;d, =0
Suppose that (D,,d,) and (D,, d,)are orthogonal.

Then by the condition (i) and (v) of Lemma 4,

we can conclude that D; (w)I'D,(v ) = 0 and d,D, =0.

By the condition (iv) of Lemma 4, we conclude that d,, d, are orthogonal
Hence, by Theorem 1, we can say that d;d, = 0

Thus, we have proved D;(u)I'D,(v) =0, forallu,v e M ,d,D, = d,d, =0
Conversely,

Suppose that D, (w)I'D,(v) =0, forall u,v € M,d,D, = d,d, =0

(3.9

Consider d;D, = 0

Then d;D,(uav) = d;(D;((uav)) = d; (D,(v)ac(w) + t(v)ad, (w)) =0

=d; (o(w))ac(D,(v)) + t(c(Wad; (D2 (v)) + d1(d,(W)ao(t(v)) + t(dz (Wad; (t(v)) =0
Since o, T are automorphisms of semiprime rings of M and using dyo =d,0 ; dy7 =1td;;D,0 =
oD,, we obtain

d,(W)aD,(v) + uad;D,(v) + didy(W)av + dy(Wad,(v) =0

(3.10)

Using the equation (3.9), we get

d,(w)aD,(v) + dy(wad,(v) =0

(3.11)

By Theorem 1, if d;d, = 0, then d,,d, are orthogonal and so equation (3.11) becomes
d,(uw)aD,(v)=0, forallu,v € M and ae I'

(3.12)

If we replace u = wBu in (3.12) and using (3.12)

d,(wBu)aD,(v)=0, forallu,v,w € Mand a,Berl

di(w)Ba(w)aD, (v) + t(u)Bdy(w)aD,(v) =0

di(w)Bo(w)aD,(v) =0

Since ¢ is an automorphism and using Lemma 1, we can conclude that

d,(uW)TMI'D,(v) = 0 and so d,(u)I'D,(v) =0

(3.13)

From (3.9) and (3.13) and using the condition (ii) of Theorem 2 we can conclude that
(D4,d,) and (D,, d,)are orthogonal.
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